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Safety Management Services, Inc. provides hazaralysis services to the energetic
materials manufacturing industry. Hazards analysitudes identifying areas of the
process where the in-process energies used copidagh the material’s ignition
energies through impact, friction, electrostatgctiiarge (ESD), or other impetus. The
energies used in the process are in most casasa&@lqualitatively and
recommendations for increasing the safeguardsagrame determined from such a
qualitative comparison coupled with decades of agepee. Occasionally, quantitative
comparisons between the in-process energy anaitiaion energy are needed to
determine the ignition probability. Such occasiomdude accident investigations and
critical processing steps.

Quantitative hazards analysis consists of sensitigsting and in-process energy
analysis. Sensitivity testing can yield the prakighof initiation at a given energy level
and when compared against the in-process enerlgis\tige initiation probability at a
given process step. The probability of initiatisffound by subjecting the energetic
material to multiple trials of friction, impact, BSor other impetus and recording the
number of reactions observed.

This article discusses the statistical inferenbas ¢an be made when comparing
sensitivity testing results. In several instaritese is a need to compare the results of
two sensitivity test results and draw conclusiaosifsuch. A couple of examples of
such situations include using sensitivity testinglétermine sample differences or to
determine machine, operator, or site repeatabillliscussed here are two methods to
compare sensitivity testing results: Significan¢e Method and PROBIT.

Comparison between the characteristic responsigatjon probability versus impetus
energy or the number of reactions in a given nunobéiials) of two materials is valuable
for use in decision making. One material may hevdéferent slope relating energy to
reaction probability or a different number of reas for a given number of trials but
that difference may or may not be statisticallyngfigant. If the difference is not
statistically significant, making conclusions t@ ttontrary may lead to negative
consequences. For example, a new formulation rppga to be more sensitive than the
previous formulation but statistically it may beamclusive whether or not it’s different.
Modifying the formulation could be a costly andaenect response to such a result.



Before discussing the two methods, it's importaninderstand the variability with
binomial trials. Binomial trials are those whelne butcome is either a success (no
reaction) or failure (reaction). An example ipfing a coin (in a perfectly random way).
The probability of flipping a head with an unbiaseyn is 50%, yet if a coin is flipped
randomly ten times, the result could be anywheymf® heads to 10 heads, although it's
likely (95% probable) that between 2 to 8 head$globserved. It cannot be concluded
that because only 2 heads in 10 trials were obddhad the coin was biased. It likely
would take significantly more trials than 10 tontiéy a biased coin.

In the discussion presented here, any variabilitygerating the testing equipment (such
as variability due to machine inconsistencies @arafor or environmental conditions) is
not included. Although this undoubtedly could b&gnificant factor, the effect on the
variability of the sensitivity testing is not addsed here other than stating that if a
significant difference is observed between samphesdifference may be due to operator
or equipment inconsistencies. This discussioridriee best case where the operational
variability (differences between operators, reactietermination, and machine
operation) is limited or insignificant.

Chart Significance Method

Perhaps the quickest way to evaluate two energatiples to determine similarities or
differences in sensitivity is to test at a givere®y. At a given energy, Sample A may
yield 3 of 20 reactions whereas Sample B gives 20afeactions. From these results are
the two samples different? Often it's concluded thay are different. The Chart
Significance Method (developed by Safety ManagerBenvtices, Inc.) gives a statistical
based answer to the above question. The methdigspp constant energy binomial
testing.

As hinted at above in the introductory sectionrethie a distribution of outcomes
resulting from binomial testing. We have obsergedsons in industry make conclusions
where that inherent distribution is not properlyigited. The Chart Significance Method
makes it easy to successfully do so. Table 1 betakes it easy to compare the results
from testing of two 20 trial samples at a givenrgge Likewise Table 1 is for two 10

trial samples.

Each cell in Table 1 represents a hypothesis tstden two sets of 20 trials. The color
corresponds to the level of significance (by p-ealn rejecting the hypothesis that the
probabilities of initiation for the two tests of 2@als are equivalent (with the alternative
hypothesis being that they are not equivalenty. example, PETN exhibits 3 reactions
in 20 trials at a 16 cm drop height for impact sy and Sample C exhibits 9
reactions in 20 trials at that same height. USiagle 1, it cannot be stated with
statistical significance that Sample C is differlretn PETN. Table 1 shows the results
of such a hypothesis test represented by the ¢efewrow 3 (representing 3 reactions in
20 trials) intersects with column 9 (representing&ctions in 20 trials); the cell is gray
indicating that it cannot be stated with 95% coeifide that the initiation probabilities as
tested of the two materials differ. However, in§de C had resulted in 10 reactions in
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20 trials it could have been concluded that Sar@pke more sensitive than PETN with
95% confidence. A detailed description of the rodtilogy and steps of such a
hypothesis test are given below in the Methodokggtion of the Appendix

The variability in the observed reaction probapile.g. 4 of 10 reactions seen followed
by perhaps 7 of 10 reactions, is reduced as thdauof trials increases. This analysis
assumes that the probability of initiation is ekatite same each and every trial; if
variation is introduced from either the operatoacmne, or substance the initiation
probability is likely no longer constant acrosali The results in Table 1 and 2 are the
best case (i.e. the inconclusive band is as naaoitvcan get) where the initiation
probability is constant for each trial.

PROBIT Comparison

A PROBIT plot relates the event probability to areegetic impetus. In energetic
manufacturing and testing the impetus is usuallyaat, friction, or ESD. PROBIT plots
are useful in estimating the event probabilityrotiation probability at impetus values
that have not been specifically tested; they ase aseful in comparing the sensitivity of
two conditions or materials. Comparing two mat&risensitivity through PROBIT plot
comparison can be more accurate than a comparisosiagle energy level. A method
to compare PROBIT plots is reviewed here.

PROBIT plots present non-linear behavior in a lingay. For example, most initiation
phenomena are normally distributed with transiaoeas (regions where the probability
of initiation changes from near O to near 1) ofyuag width. Figure 1 shows an example
plot where at low energy the probability of initat is low and at high energy the
probability is high. PROBIT plots represent theveulinearly thus showing the low
probabilities that are close to zero with bettaotetion.
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Figure 1 Typical transition from a low to a high probalilf initiation as a function of impetus
energy (commonly referred to as an S curve).
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Comparison between the characteristic responsigatjon probability versus the
impetus energy) is valuable in determining matesrgbarametric differences. Here we
describe a method to compare linearly represenigdtion data. The below method is
similar to the Hercules Parallel Line Assay prograhich was used to compare different
sets of PROBIT data and to combine them to gepeesentative line to use for
guantitative analysis.

There are simple methods that have been includethity software packages to
statistically compare linear regression coefficgsenthe linear coefficients describing the
initiation probability as a function of energy caasily be obtained when plotting the data
on a PROBIT plot. The specific details used to anfa statistical comparison of the
parameters of two linear relationships are desdribéhe Appendix, here we discuss
example results.

Suppose that an impact test is completed on twstanbes that yield PROBIT plots.

The sensitivity results for the two substancespéotied in a log-normal way; experience
at Hercules Inc . Aerospace Division (now part diait Techsystems Inc.) indicates
that a log-normal relationship best describes d¢fetionship between the impetus energy
and the probability of initiation.

A simple way to compare the two PROBIT relationshgpto compare the slopes and
intercepts of the regression lines. If the slapeisitercepts are statistically different then
it's likely the materials have different sensitigg; however, if the slopes and intercepts
are not statistically different, it cannot be cardgd that the substances have statistically
different sensitivities (given, of course, the logrmal relationship is true). Details of the
methodology used to make such a conclusion ateeippendix.

Conclusion

Simply comparing sensitivity differences numerigg¥ of 10 versus 6 of 10 reactions)
or by visual comparison (Substance B appears tadre sensitive than Substance A on
the PROBIT plot) can lead to inaccurate conclusemms costly business decisions. In
order to make accurate conclusions or inferenaas fjuantitative sensitivity testing, it's
imperative to use statistics. With the relativetyall number of trials that are performed
during sensitivity testing, statistical comparidmtween sensitivity results of binomial
trials can be completed in a number of ways. Thisep describes two such methods to
statistically compare quantitative sensitivity egtresults: Significance Chart Method
and PROBIT.
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Table 1 Matrix of significance for 2 sets of 20 binomial trials Unique p-values given are an average of two M@dde calculations of 10,000 random points
each of the given distribution, modeled as a hatatfon. Areas in green indicate results are figait (at 95% confidence) whereas areas in gréigate that
results are inconclusive. See text for a moreejptld discussion including examples. The darker hili@gonal and center square indicates regions afgiah

the table is symmetric: table is bisymmetric (syrmoeand centrosymmetric). Note that for the casdfezero reactions and 20 reactions in 20 tri&ls,ibitiation
probabilities from which the table was generatedestimated; i.e. it may be possible at those $ethed p-values are lower than represented andtespbere.
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Table 2 Matrix of significance for 2 sets of 10 binomial trials Unique p-values given are an average of two M@dde calculations of 10,000 random points
each of the given distribution, modeled as a hatatfon. Areas in green indicate results are figait (at 95% confidence) whereas areas in gréigate that
results are inconclusive. See text for a moreejptldl discussion including examples. The darker hili@gonal and center square indicates regions afgiah

the table is symmetric: table is bisymmetric (syrrineand centrosymmetric). Note that for the casfezero reactions and 10 reactions in 10 trials,itfitiation
probabilities from which the table was generatedestimated; i.e. it may be possible at those $ethed p-values are lower than represented andtespbere.
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Appendix

Methodology: Significance Chart Method

This section gives the steps taken to perform athgsis test on two sets of binomial
trials where the sample size is small. First scdbed an example of a hypothesis test
when comparing binomial results where the sampke isilarge. Then the binomial
distribution and the uncertainty in a set of binahtiials are reviewed. Finally a Monte
Carlo approximation is given that is used to deteenthe p-values of binomial
proportions when the sample size is reduced.

When the number of trials is large (greater thab di0so) and when the probability is not
close to 0 or 1, hypothesis testing can be basedrmrmal approximation to the
binomial distribution. A test statistic is compdtiom which conclusions on whether or
not a hypothesis (e.g. the initiation probabilifyfSample 1 is equal to Sample 2) can be
rejected in favor of an alternate hypothesis (hg.initiation probability of Sample 1 is
not equal to Sample 2) based on the normal digtabu The test statistic is (D.C.
Montgomery, G.C. Runger, and N.F. Hubele; Engimgge8tatistics. John Wiley & Sons,
Inc., 1998.)

X _ Xy

Zo - nl r-12 ,
X+ X, [EMX] [El +1j
r-Il + r-12 nl + n2 r-Il n2
whereX; andX; are the number of reactions amdandn, are the number of trials with
the subscripts referring to the given materialimmuwnstance. The test statistic is then
compared with the cumulative standard normal dhistron to determine the p-value.
The p-value is “the smallest level of significarbat would lead to rejection of the null
hypothesis” (ibid.) where the null hypothesis irstiscussion is that the initiation
probability of Substance A is equal to Substancd-Br example, if 100 reactions were
observed in 200 trials for Substance A and 120ti@acin 200 trials for Substance B,
the test statistic is equal to 2.01 yielding a pugaf 0.044; the conclusion would then be
that at 95% confidence (0.044 is less than 0.08)sensitivity of Substance A is not

equal to Substance B, but at 99% confidence (0944t less than 0.01) it can not be
concluded that the sensitivities of the two matsrdae different.

(1)

Because performing hundreds of sensitivity trialadt economical in many cases, most
sensitivity testing is completed with 10 to 20I8iat a given energy. For such small
sample sizes, the normal approximation to the biabdastribution is no longer accurate.
Prior to discussing an appropriate method to oliteerp-value for a hypothesis test
where the sample sizes are small, the binomiaiiloligion is reviewed.

Below in Figure Al is a plot of the probability tiibution showing the probability
density when the number of reactions is 1 in 1&dri The normalized distribution was
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generated by varying the probability of obtainingeaction on any given trigh, in the
binomial probability distribution witm (number of trials) equal to 10 anghumber of
reactions) equal to 1. The binomial probabilityagivenp, i, andn is

PGNP = - ). ®)
iH(n—i)!

As is evident from the plot, a wide range of irtiba probabilities can result in the
outcome of 1 reaction in 10 trials with the mokely scenario being that the initiation
probability is 10%. More specifically, if 1 reaatian 10 trials is observed, there is a 95%
likelihood that the initiation probability lies ve¢en 0.023 to 0.413.
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Figure A1 Probability distribution showing the probabilitgmsity versus probability when the
number of reactions is 1 in 10 trials. The grew liepresents a normalized histogram of 10,000
points generated to approximate the original.

A Monte Carlo based method can be used in ordendahe likelihood that the
sensitivity of two substances are different basedmoall sets of binomial trials; or in
other words a Monte Carlo method can be used @robte p-value for a hypothesis test
between two sets of binomial trials where the sarsples are small. The Monte Carlo
method used here includes generating a large nuofilperints for each data set that
reproduce the respective binomial distributiondajiven number of observed reactions
in a given number of trials. Shown in Figure ARlso a plot (in grey) representing a
normalized histogram of 10,000 points approximathegoriginal binomial distribution
where 1 reaction was observed in 10 trials. Ohedwo distributions of random
probabilities have been generated, the differeftleeodistributions is calculated from
which the p-value can be found. A mathematicatdpgson of the Monte Carlo method
used is given below.
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The cumulative binomial distribution is approximateith a cumulative beta distribution
where the alpha and beta parameterscateandn-x+1, respectively whereis the
number of reactions amdthe number of trials. The cumulative beta disifidn that
yields the cumulative probability of the binomiastiibution givenn andx is

I:)cum =1 (ptrial ,0',,3) (3)

wherePqnm is the cumulative probability, ania is the trial probability.

Random numbers distributed as the binomial distioinucan be generated from the
inverse cumulative beta distribution. A signifitaumber of random numbers (~10,000)
uniformly distributed are generated. Each randomlver is then operated on to yield
the desired distribution:

Piar = | “(u.,a.p) (4)

wherel ~* denotes the inverse cumulative beta distributiiis a uniformly distributed
random number (ranging between 0 and 1).

Once the two desired distributions, one for eatloeandn, of random numbers have
been generated, the difference can be obtained.difterence between the two large
numbers of random numbers can be expressed as

Paitr . = | _1(ulk7a1’ﬁ1) =1 _1(u2,k7a2’ﬁ2) (5)

wherepgis; is termed the difference distribution and the sups1 and 2 refer to two
independently generated distributions subject éaréspective alpha and beta parameters.
The difference distribution corresponds to theatd#hce between the two binomial
distributions of giverx andn. If the difference distribution is centered abpeito, it's

likely that the null hypothesis (the initiation jability of Situation A is equal to

Situation B) cannot be rejected in favor of themdative hypothesis (initiation
probabilities of Situation A and B are unequal).

Once the difference distribution is obtained, iajpgproximated as a Student t-distribution.
A hypothesis test is completed where the null hiypsis is that the mean of the
difference distribution is equal to zero and theralative hypothesis that it is not equal to
zero. The test statistic for the Student t-distidiuis

_Xm_o

~ s/4n

wherexy is the average argis the standard deviation of the 10,000 or sotgalefining
the difference distribution, andis 1 (as in this case the standard deviation®f th
sampling distribution is approximately equal to st@ndard error). The degrees of

t (6)
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freedom for computation of the p-value using thed®nt t-distribution is estimated to be
(1/m+1/ny) ™, wheren; andn, are the number of trials for each test condition.

Methodology: PROBIT Comparison

This section discusses the mathematical relatioaitscan be used to statistically compare
the slope and intercept of two lines. Such a caorspa yields the p-values that indicate
the statistical confidence of differences betwdentivo slopes and the two intercepts.
Comparing the two parameters that describe a imegrelationship is simpler than
comparing parameters of a non-linear relationship.

Experience at Hercules Inc. Aerospace Division (pawt of Alliant Techsystems Inc.)
indicates that a log-normal relationship best dbssrthe relationship between the
impetus energy and the probability of initiatiodlathematically the relationship is

1 logE —log 4,

whereerf is the error functionP is the initiation probabilityE is the impetus energy,

is the geometric mean, anglis the geometric standard deviation. Fittingne lio the
variableserf (2-P-1), whereerf ~*is the inverse error function, versus Bavill yield

the slope and intercept of the linear log-normkdtrenship. The slopa) and intercept
(b) relate to the geometric mean and geometric stdrdkzviation as given in Equations 8
and 9 respectively:

logu, = ~J2 b Oogo, (8)
1
IOg Ug = E (9)

The geometric mean corresponds to the 50% initigitobability and the geometric
standard deviation can be used to approximatedahfdence interval about that value.
For example, if the geometric mean is 100 energtg @md the geometric standard
deviation is 1.1 energy units, then the energye&hat lies 2 standard deviations above
and below the mean is 121 (=100 and 82.6 (=100/1%) respectively.

In addition to determining the parameters descgibire relationship between the
initiation probability and the impetus energy, angarison, or hypothesis test, between
the two relationships can also be completed. Ab womparing the number of reactions
for two samples at a given energy, a hypothestigeonducted to find the p-value
where the null hypothesis is the slopes or intdscape equivalent (with the alternative
hypothesis that they are unequal).

The method used to complete the hypothesis téstuse dummy variables and complete
a multivariable regression analysis. The methatkscribed briefly here from SPSS
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FAQ: “How can | compare regression coefficientsamsn two groups?” UCLA:
Academic Technology Services, Statistical Consgl@roup. From
http://www.ats.ucla.edu/stat/spss/fag/compreg?2 (attaessed April 10, 2009).
Additional details can be found in statistical refece books such as N.R. Draper and H.
Smith, Applied Regression Analysis? &dition, John Wiley and Sons, 1998.

In the multivariate regression used to performrgothesis test described above, the
data from both sets of substances is included thitHfollowing dummy variables:
dummy variable onel;) is equivalent to 1 for data that is from SubséaAcand O for
data that is from Substance B, dummy variablB2 (s equal to lodge for Substance A
and 0 for substance B. The independent variab)e[érf ~(2:P-1)], and primary
dependent variableX(), log E, are the same. Equation 10 shows the relatiorstipeen
the variables, dummy variables, and linear pararsete

Y=0,X+5,[D, +B D, +[+¢ (10)

whereg (an array) is the error between the predictedaantdal values of the independent
variableY, andp, - 3 are linear coefficients . Variables in bold indecarrays of values.

Many programs, including Microsoft Excel, can penficanalysis of variance (ANOVA)
to determine the level of significance for a lineagression coefficient. The specific
equations and relations that are used to deterragression statistics are not quoted
here. A multivariate ANOVA is performed with thbave variables to determine the p-
value of the hypothesis tests previously discussedparing the two slopes and two
intercepts. The coefficient of regressigh) for the dummy variabl®, is the difference
between the intercepts found for each substanee;défficient of regressio) for the
dummy variableD, is the difference between the slopes. If eitloafficient (31 or f55) is
significant then it’s likely the materials havefdifent sensitivities; however, if the slopes
and intercepts are not statistically differentanhnot be concluded that the substances
have statistically different sensitivities (give,course, the log-normal relationship is
true). Significance of the regression coefficiemh be measured by calculation of the p-
value; e.g. a p-value less than 0.05 indicatestkigategression coefficient is significant
by at least 95% confidence.
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